Abstract: We determine the general structure of quantum anomalies for the R-multiplet of four dimensional N = 1 supersymmetric quantum field theories in the presence of background fields for an arbitrary number of Abelian flavor multiplets. By solving the Wess-Zumino consistency conditions for off-shell new minimal supergravity in four dimensions with an arbitrary number of Abelian vector multiplets, we compute the anomaly in the conservation of the supercurrent to leading non trivial order in the gravitino and vector multiplet fermions. We find that both R-symmetry and flavor anomalies necessarily lead to a supersymmetry anomaly, thus generalizing our earlier results to non superconformal theories with Abelian flavor symmetries. The anomaly in the conservation of the supercurrent leads to an anomalous transformation for the supercurrent under rigid supersymmetry on bosonic backgrounds that admit new minimal Killing spinors. The resulting deformation of the supersymmetry algebra has implications for supersymmetric localization computations on such backgrounds.
Introduction
Supersymmetric quantum field theories are an invaluable tool for probing strong coupling dynamics. Unbroken supersymmetry permits the use of non-renormalization theorems and supersymmetric localization techniques [1] [2] [3] [4] in order to non perturbatively compute observables such as partition functions and Wilson loops. Supersymmetry is also relevant for extending the Standard Model to higher energies and plays a pivotal role in holographic dualities and string theory. A question of paramount importance, therefore, is whether supersymmetry is anomalous at the quantum level.
Several supersymmetry anomalies have been discussed in the literature and fall into two broad classes, depending on whether they appear in the gamma trace or in the divergence of the supercurrent. The gamma trace of the supercurrent is in the same multiplet as the trace of the stress tensor and the divergence of the R-current [5] and so the corresponding supersymmetry anomalies are part of the multiplet of superconformal anomalies [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Anomalies in the gamma trace of the supercurrent arise also in non Abelian supersymmetric gauge theories if one insists on a gauge invariant supercurrent [18] [19] [20] [21] [22] [23] .
The supersymmetry anomalies we are concerned with here, however, are those arising in the divergence of the supercurrent. Such anomalies have been less studied and are often believed to be absent in physical theories. The first examples of supersymmetry anomalies in the divergence of the supercurrent were found in the context of supersymmetric theories with gauge anomalies. In particular, the fact that the Wess-Zumino consistency conditions [24] imply the presence of a supersymmetry anomaly whenever the theory has a gauge anomaly was pointed out in [25] (see also [26] [27] [28] and [29] for a review). However, gauge anomalies must be canceled for the consistency of the theory at the quantum level, and so the corresponding supersymmetry anomaly is canceled as well. An anomaly in the divergence of the supercurrent was also found in the presence of a gravitational anomaly in two-dimensional theories in [30, 31] . This anomaly is conceptually closer to the supersymmetry anomalies we discuss here since it is related to a global anomaly, which need not be canceled.
Anomalies in the divergence of the supercurrent have been discussed also in the context of supergravity theories [9, 10, 32] . These works focused on dynamical or on-shell supergravity, but some of the supersymmetry anomalies identified there appear as well in off-shell background supergravity, which is relevant for studying global supersymmetry anomalies in supersymmetric quantum field theories. Global anomalies are a property of the theory and do not lead to any inconsistencies. They have physical consequences, such as the violation of selection rules [33, 34] and the transport properties of the theory [35] . In particular, global supersymmetry anomalies do not render a quantum field theory inconsistent, but they imply that supersymmetry cannot be gauged, i.e. the theory cannot be consistently coupled to dynamical supergravity at the quantum level. Moreover, global supersymmetry anomalies may violate some of the conditions required in order for non-renormalization theorems and supersymmetric localization techniques to be applicable.
Classifying global supersymmetry anomalies is therefore particularly relevant following the recent advances in supersymmetric localization techniques for quantum field theories on curved backgrounds [4] (see [36] for a comprehensive review). A systematic way for placing supersymmetric quantum field theories on curved backgrounds was developed in [37] and involves coupling the theory to a given off-shell background supergravity. This corresponds to turning on background fields for the current multiplet operators. Rigid supersymmetry on purely bosonic backgrounds can then be defined independently of the details of the microscopic theory through the Killing spinor equations obtained by setting to zero the supersymmetry variations of the background supergravity fermions. This procedure leads to a classification of supersymmetric backgrounds preserving a number of supercharges [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] (see also [50] for earlier work). However, the corresponding rigid supersymmetry may or may not be preserved at the quantum level.
The fact that rigid supersymmetry defined in this way can be anomalous at the quantum level was first pointed out in the context of theories with a holographic dual [51] [52] [53] . The anomaly in rigid supersymmetry refers to a local term in the quantum supersymmetry transformation of the supercurrent and depends on the bosonic background. This bosonic term is directly related to the (fermionic) supersymmetry anomalies in the divergence and (in the case of conformal supergravity backgrounds) the gamma trace of the supercurrent. The form of these anomalies for any four dimensional superconformal field theory on backgrounds of N = 1 conformal supergravity were derived in [54] by solving the corresponding Wess-Zumino consistency conditions. The presence of these supersymmetry anomalies was also verified through a perturbative calculation of flat space four-point functions involving two supercurrents and either two R-currents or one R-current and a stress tensor in the free and massless Wess-Zumino model [55, 56] .
In this paper we consider off-shell new minimal supergravity in four dimensions [57] [58] [59] [60] in the presence of an arbitrary number of Abelian vector multiplets. This provides a suitable set of background fields for the R-multiplet of current operators that exists for supersymmetric theories with a U(1) R-symmetry [61, 62] , as well as for an arbitrary number of flavor multiplets. We determine the algebra of local symmetry transformations and identify a specific relation with the symmetry algebra of N = 1 conformal supergravity. This allows us to derive the supersymmetry anomalies of the new minimal gravity multiplet from those of N = 1 conformal supergravity obtained in [54] . Five additional candidate anomalies are found in the presence of vector multiplets by directly solving the Wess-Zumino consistency conditions for new minimal supergravity to leading non trivial order in the gravitino and the flavorinos. These results extend our earlier analysis for N = 1 conformal supergravity [54, 55] to non conformal theories with an arbitrary number of Abelian flavor symmetries. We find that the presence of either an R-symmetry or a flavor symmetry anomaly necessarily leads to a supersymmetry anomaly, irrespective of whether the theory is conformal or not. This result is consistent with the observation of [63] that in theories with an R-multiplet supersymmetry can be non anomalous provided R-symmetry is non anomalous. The supersymmetry anomaly is cohomologically non trivial and cannot be removed by a local counterterm without breaking diffeomorphism and/or local Lorentz symmetry. Moreover, it implies that the fermionic operators in the current and flavor multiplets acquire an anomalous supersymmetry transformation at the quantum level, even on purely bosonic backgrounds. The significance of this anomalous transformation for supersymmetric quantum field theory observables on new minimal supergravity backgrounds that preserve a number of supercharges is discussed.
The paper is organized as follows. In section 2 we review the local symmetry algebra of off-shell new minimal supergravity in four dimensions and we discuss its relation to the symmetry algebra of N = 1 conformal supergravity. In section 3 we utilize this relation in order to derive the Ward identities and anomaly candidates for the gravity multiplet of new minimal supergravity from those of N = 1 conformal supergravity. These results are generalized in section 4 to include background fields for an arbitrary number of Abelian flavor multiplets. In section 5 we derive the anomalous supersymmetry transformations of the supercurrent and of the fermionic operators in the flavor multiplets as a result of the anomaly in the conservation of the supercurrent. These are specialized in section 6 to rigid supersymmetry transformations on new minimal supergravity backgrounds that admit Killing spinors and the implications for supersymmetric observables are discussed. We conclude with a number of open questions in section 7. Appendix A contains a summary of the results of [54] for N = 1 conformal supergravity, while in appendix B we provide the details of the Wess-Zumino consistency condition calculation for the anomaly cocycles in the presence of flavor multiplets. Our spinor conventions follow those of [64] and several useful gamma matrix identities can be found in appendix A of [54] .
The local symmetry algebra of new minimal supergravity
We begin by reviewing some basic aspects of new minimal supergravity [57] [58] [59] [60] , including its local symmetry transformations and the corresponding algebra. As we will see, the gravity multiplet of new minimal supergravity can be formulated in terms of an effective gravity multiplet of N = 1 conformal supergravity, allowing one to read off both the local symmetry algebra and the gravity multiplet anomalies directly from those of conformal supergravity computed in [54] .
The field content of new minimal supergravity consists of the vielbein e a µ , an Abelian gauge field A µ , an Abelian 2-form field B µν and a Majorana gravitino ψ µ , comprising 6 + 6 bosonic and 12 fermionic off-shell degrees of freedom. Several properties of new minimal supergravity simplify when expressed in terms of the composite gauge field
Crucially, the composite field C µ transforms as a gauge field of N = 1 conformal supergravity.
Local symmetry transformations
The local symmetries of new minimal supergravity are diffeomorphisms ξ µ (x), local frame rotations λ ab (x), 0-form gauge transformations θ(x), 1-form gauge transformations Λ µ (x), and Qsupersymmetry transformations ε(x). Under these the supergravity fields transform as 1
where the covariant derivatives of the gravitino and the spinor parameter ε are as in N = 1 conformal supergravity and are given respectively in (A.2) and (A.8). In new minimal supergravity, however, the gauge field C µ in the covariant derivatives is identified with the composite field (2.1).
Comparing the transformations (2.2) with those in N = 1 conformal supergravity given in eq. (A.4) in appendix A, one notices that the transformation of the vielbein is the same in new minimal and conformal supergravity provided the Weyl transformation parameter σ of conformal supergravity is set to zero. Similarly, the gravitino transformations coincide provided the Weyl parameter σ and the S-supersymmetry parameter η of conformal supergravity are set to
Using the following transformation of the composite vector field V µ defined in (2.1)
4)
1 An interesting possibility is to promote the Abelian 0-form and 1-form symmetries of new minimal supergravity to a 2-group symmetry by modifying the gauge transformation of the 2-form field to include a term of the form [65] [66] [67] 
where Fµν = ∂µAν − ∂ν Aµ and κ is a constant. It would be interesting to determine whether the algebra can be adjusted to close off-shell in the presence of this deformation, and if so how the quantum anomalies would be modified. However, we will not consider this possibility in the present work.
the values (2.3) of the conformal supergravity parameters ensure also that the transformation of the composite gauge field C µ defined in (2.1) coincides with that of the gauge field in conformal supergravity given in (A.4), namely
where φ µ is defined in (A.1). In summary, the fields e a µ , ψ µ and C µ in new minimal supergravity transform exactly as the corresponding fields in N = 1 conformal supergravity, provided the Weyl and S-supersymmetry parameters of conformal supergravity are set to the values in (2.3). This observation allows us to deduce the local symmetry algebra of new minimal supergravity from the algebra of N = 1 conformal supergravity.
Local symmetry algebra
The relation between new minimal and conformal supergravities discussed above can be formulated as a map between the so called Ward operators of new minimal supergravity, δ NM , that generate the local symmetry transformations (2.2), and those of conformal supergravity, δ C . We have shown that the Ward operators of diffeomorphisms, local Lorentz and U(1) gauge transformations coincide in new minimal and conformal supergravities, namely
Moreover, the Ward operator of Weyl transformations is identically zero in new minimal supergravity, while the Ward operator of Q-supersymmetry in new minimal supergravity is the sum of the Q-and S-supersymmetry Ward operators in conformal supergravity, i.e.
with η(ε) given in (2.3). In addition, new minimal supergravity contains the Ward operator of 1-form gauge transformations δ NM Λ . It follows that all new minimal supergravity commutators that do not involve δ NM Λ can be determined directly from the algebra of conformal supergravity, up to terms involving δ NM Λ . Let us first consider the commutator [δ NM ε , δ NM ε ]. Up to a possible contribution of δ NM Λ on the r.h.s. that can be determined separately, this commutator can be read off from the algebra of conformal supergravity. Using (2.7) and the conformal supergravity algebra in (A.10) we obtain 8) where the field dependent parameters of the bosonic transformations on the r.h.s are given by 
where ξ µ is as in (2.9) and
All remaining commutators either follow trivially from the corresponding ones in conformal supergravity, or they can be easily evaluated directly. Putting everything together, one finds that the non-vanishing commutators in new minimal supergravity are [58] 
The local parameters ξ µ , λ a b , θ and ε transform as those in conformal supergravity with σ = 0 (see eq. (A.9)), while the 1-form gauge parameter Λ µ transforms as
The algebra (2.12) is the starting point for computing the candidate anomalies of new minimal supergravity by solving the corresponding Wess-Zumino consistency conditions.
Ward identities and anomalies for the R-multiplet
Supersymmetric theories with a U(1) R symmetry admit an R-multiplet [61] , which couples to new minimal background supergravity [62] . In this section we derive the Ward identities for the Rmultiplet and we determine the corresponding bosonic and fermionic anomaly candidates. The relation between the local algebra of new minimal and conformal supergravity we identified in the previous section allows us to simply read off the R-multiplet anomalies from those of N = 1 conformal supergravity found in [54] , without having to solve the Wess-Zumino consistency conditions for new minimal supergravity.
R-multiplet anomalies
In four dimensions there are no genuine gravitational or Lorentz anomalies [68] , and 1-form symmetries are also non anomalous. 3 It follows that in a scheme (i.e. a choice of local counterterms) where the mixed axial-gravitational anomaly enters exclusively in the divergence of the R-current (see e.g. eq. (2.43) of [69] ) the R-multiplet anomalies can be parameterized as
where W [e, A, B, ψ] is the generating functional of connected correlation functions of the R-multiplet currents and Ω NM = (ξ, λ, θ, Λ, ε) denotes the set of local transformation parameters of new minimal supergravity.
] produces also a supersymmetry transformation with parameter ε ∼ ξ µ ψµ [58, 59] .
This term has no effect when working to leading order in the gravitino and so we do not include it in our analysis. 3 A candidate 1-form symmetry anomaly of the form´e Λµ µνρσ ∂ν Bρσ can be canceled by the local counterterḿ B ∧ B. See [9, 10] for a classification of candidate anomalies in new minimal supergravity and [66] for a discussion of 1-form symmetry anomalies in connection to 2-group symmetries.
In the previous section we saw that R-symmetry transformations in new minimal and conformal supergravity coincide, while Q-supersymmetry transformations in new minimal supergravity correspond to the sum of a Q-supersymmetry and an S-supersymmetry transformation of an effective N = 1 conformal supergravity, with gauge field as in (2.1) and effective S-supersymmetry parameter η(ε) as in (2.3). It follows that the new minimal supergravity anomalies A NM R and A NM Q can be obtained directly from the anomalies of N = 1 conformal supergravity. Namely, from (A.12) we determine that
where κ (1) and κ (2) are undetermined constants that depend on the specific theory that is placed on a background of new minimal supergravity, G µν = ∂ µ C ν −∂ ν C µ is the fieldstrength of the composite gauge field C µ , and GG and the Pontryagin density P are defined respectively in (A.14) and (A.15). Moreover, the fermionic anomalies A 
At a fixed point, the anomaly coefficients κ (1) and κ (2) are related to the a and c central charges as
The relation between the new minimal and conformal supergravity algebras we highlighted above ensures that the anomalies (3.2) are the general solution of the Wess-Zumino consistency conditions for the gravity multiplet of new minimal supergravity. It is possible that the supersymmetry anomalies (3.3) are related to the superspace anomalies obtained in [7, 14] and [9, 10] (see Type II anomalies in Table 9 .1 of [10] ). However, candidate anomalies in superspace and in components can differ because the extra auxiliary fields in the superspace formulation act as symmetry compensators [32] . A known example of this phenomenon occurs in supersymmetric Yang-Mills theory in the presence of gauge anomalies. The superspace formulation of the theory does not exhibit a supersymmetry anomaly, but the component formulation in the Wess-Zumino gauge has a supersymmetry anomaly [25] (see also [26] [27] [28] ). This can be understood from the fact that in order to preserve the Wess-Zumino gauge, supersymmetry transformations require a compensating gauge transformation. If the theory has a gauge anomaly, this leads to a supersymmetry anomaly. However, gauge anomalies must be canceled for the consistency of supersymmetric Yang-Mills theory at the quantum level and so this fact has no physical significance. However, global symmetries such as R-symmetry or flavor symmetries can be anomalous and the supersymmetry anomaly they lead to is physical.
Ward identities
The Ward identities of the R-multiplet follow from the local symmetry transformations of new minimal supergravity (2.2) and the anomalous transformation (3.1) of the generating function. The form of the Ward identities is therefore independent of the specific quantum theory that is placed on a background of new minimal supergravity. All information about the microscopic theory is contained in the values of the anomaly coefficients κ (1) and κ (2) .
The fields of new minimal supergravity act as sources for the R-multiplet current operators, which are defined through a general variation of the generating function of connected correlators
where e ≡ det(e a µ ) and · · · s denotes a (connected) correlation function in the presence of arbitrary sources. In particular, any n-point function involving R-multiplet currents can be obtained by further differentiating these expressions with respect to the corresponding sources.
A slightly different set of R-multiplet operators is often defined by parameterizing a general variation of the generating functional as [58] (see also [62] )
so that the R-current couples to the composite gauge field C µ rather than to A µ . The two sets of operators are related through spectral flow:
Besides obeying simpler Ward identities, the advantage of the hatted operators is that they couple also to conformal supergravity and are therefore appropriate for describing superconformal theories. In order to derive the Ward identities of the R-multiplet we equate the anomalous transformation (3.1) of the generating function with either (3.5) or (3.7), evaluated on the symmetry transformations (2.2) of new minimal supergravity. In terms of the hatted currents the resulting Ward identities take the form
where the fieldstrength H µνρ of the 2-form gauge field B µν is given by
The Ward identities are slightly more cumbersome in terms of the currents (3.6), namely
These can be deduced by inserting the expressions (3.8) for the hatted currents in the Ward identities (3.9), but it is technically significantly simpler to obtain them directly from the variation (3.5) of the generating function. We emphasize that the Ward identities (3.9) or (3.11) involve one-point functions in the presence of arbitrary sources, i.e. generic background fields. This means that differentiating these identities with respect to the background fields and using the definitions of the current operators above one can derive the Ward identities for any correlation function of R-multiplet currents, both in flat space and on any new minimal supergravity background. In particular, the anomalies A NM R and A NM Q contribute contact terms in certain flat space higher-point functions [55, 56] .
Ward identities and anomalies in the presence of flavor symmetries
Supersymmetric field theories may possess additional global symmetries beyond those encoded in the gravity multiplet. In order to derive the Ward identities and their quantum anomalies in the presence of such flavor symmetries we need to couple the gravity multiplet of new minimal supergravity to a number of vector multiplets (gauge multiplets in the terminology of [59] ). In this section we will consider an arbitrary number N of Abelian vector multiplets (a I µ , λ I , D I ), I = 1, . . . , N . The subsequent analysis can be easily generalized to non Abelian vector multiplets, but we will not address this case here.
The local symmetry transformations of the vector multiplet fields take the from [59] 
where f I µν = ∂ µ a I ν − ∂ ν a I µ is the flavor fieldstrength with 2) and the covariant derivative acts on the flavorinos as
A straightforward but tedious calculation shows that these transformations form another offshell representation of the new minimal supergravity algebra (2.12), except that the commutator between two supersymmetry transformations has an additional term, namely
where the composite parameters ξ µ , λ a b , θ and Λ µ are as in (2.12), while the flavor transformation parameter takes the form
As before, we are neglecting a supersymmetry transformation on the r.h.s. of (4.4) that plays no role to leading order in the fermions (see footnote 2).
R-multiplet anomalies with flavors
In the presence of flavors, the anomalous transformation of the generating functional of connected correlators W [e, A, B, ψ, a I , λ I , D I ] under the extended local symmetries Ω = (ξ, λ, θ, Λ, ε, ω I ) can be parameterized as
where the R-symmetry and supersymmetry anomalies now receive additional contributions relative to the gravity multiplet anomalies (3.2) due to the flavors, and there is a new anomaly in the flavor gauge transformations. Turning on background fields for the flavor multiplets leads to several independent solutions to the Wess-Zumino consistency conditions, in addition to the two gravity multiplet cocycles κ (1) and κ (2) . The R-symmetry and flavor anomalies take the form [9-11, 16, 70-72] 
where the notation for f I µν and F µν is analogous to that for G µν in (A.14) and summation over repeated flavor indices is implicit. Besides the anomaly coefficients κ (1) and κ (2) of the gravity multiplet, there are five additional anomaly coefficients in the presence flavors. The anomaly coefficients κ (4) and κ (5) are totally symmetric in the flavor indices, while κ (7) is antisymmetric. The Fayet-Iliopoulos type cocycles κ (6) and κ (7) were found in [9] and their contribution to the supersymmetry anomaly was already given there (in the case of the κ (6) cocycle only implicitly). The goal of this section is to determine the supersymmetry anomaly A Q for all seven independent anomaly coefficients in (4.7).
The supersymmetry anomaly is determined by the Wess-Zumino consistency conditions [24] 
for any pair of local symmetries Ω = (ξ, λ, θ, Λ, ε, ω I ) and Ω = (ξ , λ , θ , Λ , ε , ω I ). Writing
the Wess-Zumino consistency conditions can be solved independently for each cocycle, i.e. for each anomaly coefficient. In section 3 we already determined the gravity multiplet supersymmetry anomalies A
Q and A
Q in eq. (3.3) by embedding the new minimal supergravity algebra in the algebra of N = 1 conformal supergravity and utilizing the results of [54] . In appendix B we solve the Wess-Zumino consistency conditions for each of the five flavor cocycles using as input the bosonic anomalies (4.7). The resulting fermionic anomalies take the form where O({ψ, λ} 3 ) is shorthand for O(ψ 3 , ψ 2 λ, ψλ 2 , λ 3 ). Some of these contributions to the supersymmetry anomaly have been discussed in the literature before. As we mentioned above, the supersymmetry anomalies A (6) Q and A
(7)
Q were obtained in [9] . A (5) Q is the Abelian (and global) analogue of the supersymmetry anomaly in super Yang-Mills theory in the presence of a gauge anomaly discussed in [25] (see also [26] [27] [28] ). 5 The first term in A (4) Q was discussed in [32] , but only the Wess-Zumino consistency condition involving supersymmetry and R-symmetry transformations was studied there, which is why the remaining terms in A (4) Q were not determined. We are not aware of any earlier work where A Q are related only to the flavor anomalies and imply that supersymmetry can be anomalous even if R-symmetry is not.
Except for the Fayet-Iliopoulos type anomalies κ
I and κ
[IJ] , the non covariant part of the supersymmetry anomalies in (4.10) is directly related to the Chern-Simons forms of the corresponding R-symmetry and flavor anomalies [25] . Writing these in terms of Chern-Simons forms we have
and similarly 
Hence,
where the covariant part of the supersymmetry anomaly is invariant under both R-symmetry and flavor gauge transformations. The Chern-Simons forms are not sufficient to characterize the covariant part of the supersymmetry anomaly, but it can be determined by the Wess-Zumino consistency
From the analysis in appendix B we find that the covariant part of the supersymmetry anomalies A 
Ward identities
The vector multiplet fields act as sources for the local operators in the flavor multiplets: Using these operators and the local symmetry transformations (4.1) in the anomalous transformation of the generating functional in (4.6) leads to the general Ward identities for the R-multiplet in the presence of flavor symmetries, generalizing (3.9):
Anomalous supersymmetry transformations of the fermionic operators
An important consequence of the supersymmetry anomaly (4.9) is that it leads to an anomalous supersymmetry transformation for the fermionic operators in the gravity and flavor multiplets [51] [52] [53] [54] . As we review in the next section, when restricted to a specific background admitting Killing spinors, the anomalous terms in the rigid supersymmetry transformation of the fermionic operators depend on the bosonic background and have physical implications. In particular, the anomalous transformation of the supercurrent leads to a deformed supersymmetry algebra. The transformations of the R-multiplet currents and the flavor multiplet operators under the local symmetries of new minimal supergravity are directly related with the Ward identities (4.16). These correspond to first class constraints on the symplectic space of couplings and local operators, generating the local symmetry transformations under the Poisson bracket [74] . In particular, the quantum transformations of the operators are encoded in the anomalies of the Ward identities. This method was used in appendix B.1 of [51] in order to obtain the anomalous transformation of the supercurrent under Q-and S-supersymmetry in conformal supergravity for the case a = c.
An alternative way to determine the transformation of the quantum operators under the local symmetries is to use their defining relation in terms of the generating function. For example, under local supersymmetry transformations the supercurrent and the fermionic operator in the flavor multiplets transform respectively as
The transformation of the functional derivatives determines the classical transformation of the operators and follows directly from the classical symmetry transformations of new minimal supergravity.
In particular, from (2.2) and (4.1) we obtain Evaluating the derivatives of the supersymmetry anomaly (4.9) with respect to the gravitino and the flavorinos using the expressions (3.3) and (4.10) we obtain the full supersymmetry transformation of the fermionic operators in the quantum theory:
where again we have neglected terms of the schematic form ψ S s , ψ χ I s and ψψ O I s in the transformation of the supercurrent and the anomalous contributions Σ (i){IJ...}µ (ε) and Ξ (i){J...} (ε) are given respectively by
Crucially, most of these terms are to leading order independent of the fermionic fields and therefore lead to an anomalous transformation for the fermionic operators on purely bosonic backgrounds. This has important implications for supersymmetric theories on purely bosonic backgrounds that admit new minimal Killing spinors, as we briefly discuss in the next section.
Supersymmetric backgrounds and rigid supersymmetry anomalies
A notion of rigid supersymmetry exits on purely bosonic backgrounds of new minimal supergravity for which the Killing spinor equations
admit non trivial solutions ε o . Note that in the Killing spinor equations ε 0 is taken to be a c-number commuting spinor that transforms trivially under the symmetries of new minimal supergravity, in contrast to the local supersymmetry parameter ε that is Grassmann-valued and transforms according to (A.9). Moreover, the fact that the supersymmetry transformation of the gravitino in new minimal supergravity coincides with a combined Q-and S-supersymmetry transformation in N = 1 conformal supergravity with composite gauge field C µ = A µ − 3 2 V µ and S-supersymmetry parameter as in (2.3) implies that locally, supersymmetric backgrounds of new minimal and conformal supergravity coincide. However, non trivial solutions of the new minimal Killing spinor equations (6.1) are nowhere vanishing, while those of conformal supergravity may have zeros [40] . Hence, globally, new minimal Killing spinors are also Killing spinors of conformal supergravity, but only a subset of conformal supergravity Killing spinors correspond to global Killing spinors of new minimal supergravity.
Supersymmetric backgrounds of various off-shell supergravities and in different dimensions (including new minimal and conformal supergravity backgrounds in four dimensions) have been studied extensively [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] (see also [50] for earlier work). The notion of rigid supersymmetry such backgrounds admit enables the non perturbative calculation of several quantum field theory observables using supersymmetric localization techniques [4] (see [36] for a comprehensive review). These techniques rely on the existence of a bosonic "localizing" operator that is Q-exact, i.e. it can be expressed as the supersymmetry variation of a fermionic operator. However, in order for the localization argument to hold, the Q-exactness of the localizing operator must be preserved at the quantum level. Supersymmetry anomalies can potentially spoil this property, thus invalidating the localization argument.
As a concrete example, let us consider the transformation of the fermionic operators in the R-multiplet and flavor multiplets under the rigid supersymmetry associated with a new minimal Killing spinor ε o . The local supersymmetry transformations (5.3) imply that the corresponding rigid supersymmetry transformations take the form
where we have removed the subscript s from the one-point functions to indicate that these are now expectations values on a specific background. Notice that the term proportional to the expectation value of the scalar operators O I in the rigid supersymmetry transformation of the supercurrent vanishes due to the Killing spinor equations. The terms Σ (i){IJ...}µ (ε o ) and Ξ (i){J...} (ε o ) that originate in the supersymmetry anomaly (4.9) are local functions of the bosonic background and they are non vanishing on generic backgrounds that admit new minimal Killing spinors. In fact, the term Σ (1)µ (ε o ) corresponding to the κ (1) cocycle has been evaluated explicitly on a class of backgrounds that admit two real supercharges of opposite R-charge and was shown to be non zero [51] . The presence of these terms in the rigid supersymmetry transformation of the fermionic operators means that the linear combination of bosonic operators on the r.h.s. of the transformations (6.2) are not Q-exact, as one would expect based on the classical supersymmetry algebra. The rigid supersymmetry algebra deformation due to the supersymmetry anomaly has implications for supersymmetric observables on such backgrounds. An immediate consequence is that the BPS relation that the conserved charges of supersymmetric states satisfy is modified [51] . The dependence of supersymmetric partition functions on the background is also affected. The classical Q-exactness of the linear combination of bosonic currents on the r.h.s. of the supercurrent transformation in (6.2) implies that supersymmetric partition functions do not depend on certain deformations of the supersymmetric background [75] [76] [77] . This result was contradicted by a holographic computation in [78] that explicitly examined the dependence of the holographic partition function on deformations of the supersymmetric background. The resolution to this contradiction was provided in [51] , where it was shown that the dependence of the partition function on the supersymmetric background is entirely due to the deformation of the supersymmetry algebra by the term Σ (1)µ (ε o ) coming from the supersymmetry anomaly.
An interesting question in this context is whether the anomalous terms in the rigid supersymmetry transformation of the supercurrent can be removed by a local counterterm. To answer this question one should keep in mind that in the presence of an R-symmetry and/or flavor anomaly the commutator (4.4) implies that the supersymmetry anomaly (4.9) cannot be removed by a local counterterm without breaking diffeomorphism and/or local Lorentz symmetry. It follows that any local counterterm that can potentially remove the anomaly from the rigid supersymmetry transformation of the supercurrent will necessarily break diffeomorphism and/or local Lorentz invariance. However, an interesting scenario is that the required local counterterm only breaks the subset of diffeomorphisms that would break the classical supersymmetry invariance of the background. This scenario is realized in an analogous situation for supersymmetric Chern-Simons theories on Seifert manifolds in connection with the framing anomaly [79] . For supersymmetric backgrounds of the form S 1 × M 3 with M 3 a Seifert manifold, the local counterterm that eliminates the term Σ (1)µ (ε o ) in the transformation of the supercurrent should coincide with the counterterm used in [78] . It would be interesting to generalize this counterterm to the other anomaly cocycles that contribute to the supersymmetry anomaly (4.9).
Discussion
In this paper we have extended our earlier results for N = 1 conformal supergravity [54, 55] to non conformal theories with an arbitrary number of Abelian flavor symmetries. As anticipated, both R-symmetry and flavor symmetry anomalies lead to a supersymmetry anomaly, even in non conformal theories. This anomaly is cohomologically non trivial and cannot be removed by a local counterterm without breaking diffeomorphism and/or local Lorentz symmetry.
It would be very interesting to generalize these results to non Abelian R-symmetry anomalies in theories with extended supersymmetry, as well as non Abelian flavor symmetries. Moreover, in 2, 6 and 10 dimensions one could consider the effect of gravitational anomalies that are also known to generate a supersymmetry anomaly [30, 31] .
Another question to address is if and how supersymmetry anomalies are manifest in superspace. As we briefly discussed in section 3, the auxiliary fields in the superspace formulation of background supergravity act as symmetry compensators [32] , which implies that the non trivial solutions of the Wess-Zumino consistency conditions in superspace and in components may not coincide. It is therefore desirable to clarify if there is any connection between the supersymmetry anomalies we found here and the superspace cocycles found in [7, 14] and [9, 10] .
In section 5 we saw that the supersymmetry anomaly in the conservation of the supercurrent implies that both the supercurrent and the fermionic operators in the flavor multiplets acquire an anomalous supersymmetry transformation. When restricted to bosonic backgrounds that admit Killing spinors, this implies that these operators transform anomalously under rigid supersymmetry, which has implications for supersymmetric quantum field theory observables on such backgrounds. Specifically, the supersymmetry algebra gets deformed, the BPS relation that the bosonic conserved charges characterizing supersymmetric states satisfy is modified, and the Q-exactness of localizing operators used in supersymmetric localization computations may not hold at the quantum level. It is therefore important to further understand the consequences of the supersymmetry anomaly in this context. In particular, it would be very interesting to understand to what extend the rigid supersymmetry anomaly can be eliminated by a local non covariant counterterm. This question should be addressed separately for each of the seven non trivial cocycles that contribute to the supersymmetry anomaly and for each class of supersymmetric backgrounds preserving a given number of supercharges. We hope to address some of these questions in future work.
A Review of supersymmetry anomalies in N = 1 conformal supergravity
In this appendix we summarize the local symmetry algebra and quantum anomalies of N = 1 off-shell conformal supergravity in four dimensions obtained in [54] . The field content of N = 1 conformal supergravity [80] [81] [82] [83] (see [84] [85] [86] [87] and chapter 16 of [64] for pedagogical reviews) consists of the vielbein e a µ , an Abelian gauge field C µ , and a Majorana gravitino ψ µ , comprising 5+3 bosonic and 8 fermionic off-shell degrees of freedom. Throughout this paper we denote the gauge field of conformal supergravity by C µ and its fieldstrength by G µν = ∂ µ C ν − ∂ ν C µ , reserving A µ and F µν = ∂ µ A ν − ∂ ν A µ for the gauge field of new minimal supergravity. N = 1 conformal supergravity can be constructed as a gauge theory of the superconformal algebra. In this construction Q-and S-supersymmetry are on the same footing with corresponding gauge fields ψ µ and φ µ . The curvature constraints of N = 1 conformal supergravity, however, imply that φ µ is not an independent field and is locally expressed in terms of the gravitino as
where the covariant derivative acts on ψ µ and φ µ as
with the spin connection given by
ω µ ab (e) denotes the unique torsion-free spin connection.
A.1 Local symmetry transformations
Besides diffeomorphisms ξ µ (x), local frame rotations λ ab (x), U(1) R gauge transformations θ(x), and Q-supersymmetry transformations ε(x), the local algebra of N = 1 conformal supergravity contains also Weyl and S-supersymmetry transformations, parameterized respectively by σ(x) and η(x). The corresponding transformations of the N = 1 conformal supergravity fields are
Moreover, the quantity φ µ transforms as
where 6) denotes the Schouten tensor in four dimensions and the dual fieldstrength G µν is defined as
The covariant derivatives of the spinor parameters ε and η are given respectively by
A.2 Local symmetry algebra
The symmetry algebra is determined by the commutators [δ Ω C , δ Ω C ] between any two of the transformations (A.4) with the local parameters Ω C = (σ, ξ, λ, θ, ε, η) of N = 1 conformal supergravity.
In order for the algebra to close off-shell the local parameters should also transform under the local symmetries according to
The only non vanishing commutators of the resulting local symmetry algebra are the following:
As for the new minimal supergravity algebra (see footnote 2), we have dropped a supersymmetry transformation on the r.h.s. of the commutator [δ ε , δ ε ] that plays no role to leading order in the fermions.
A.3 Ward identities and anomalies
The current multiplet of a supersymmetric quantum field theory coupled to background N = 1 conformal supergravity consists of the stress tensor T µ a , R-symmetry current J µ , and the supercurrent S µ . These are the local operators sourced respectively by the vielbein e a µ , gauge field C µ , and the gravitino ψ µ . The local symmetry transformations of N = 1 conformal supergravity (A.4) lead to the superconformal Ward identities
where · · · s denotes a correlation function in the presence of arbitrary sources and A W , A R , A Q and A S are quantum anomalies. In a scheme where the mixed axial-gravitational anomaly enters only in the conservation of the R-current (see e.g. eq. (2.43) of [69] ), the Wess-Zumino consistency conditions determine the general form of the superconformal anomalies to be [54] 
where a and c are the central charges of the superconformal algebra, normalized so that for free chiral and vector multiplets they are given respectively by [11] 
Besides the Schouten tensor P µν defined in (A.6) and the gauge field curvatures
the superconformal anomalies are expressed in terms of the square of the Weyl tensor W 2 , the Euler density E and the Pontryagin density P. In terms of the Riemann tensor these take the form
where the dual Riemann tensor is defined as
Notice that R µνρσ is not symmetric under exchange of the first and second pair of indices.
B Solving the Wess-Zumino conditions in the presence of flavor symmetries
In this appendix we demonstrate that for each of the five flavor anomaly coefficients κ
(IJ) , κ and κ (7) [IJ] the bosonic anomalies in (4.7) and the corresponding fermionic anomalies in (4.10) form a consistent solution (i.e. non trivial cocycle) of the Wess-Zumino conditions (4.8) for new minimal supergravity coupled to Abelian flavor multiplets. The only non trivial consistency conditions that need to be checked in each case are [δ ε , δ θ ]W = 0, [δ ε , δ ω ]W = 0, and
µ . We will explicitly compute these commutators, keeping only the leading non trivial order in the fermionic background ψ µ and λ I . Moreover, we assume that total derivative terms can be dropped.
The R-symmetry anomaly does not contain any term proportional to the anomaly coefficient κ (3) I , while the corresponding term in the supersymmetry anomaly is gauge invariant. Consequently, we trivially have This commutator is very similar to the commutator [δ ε , δ θ ]W = 0 for the gravity multiplet cocycles κ (1) and κ (2) . We have, δ ε δ ω W = − κ This commutator is more involved, but it is closely related to the corresponding commutator for the gravity multiplet cocycles κ (1) and κ (2) upon replacing the flavor symmetry with R-symmetry. Integrating by parts and using the Bianchi identity µνρσ ∂ ρ f I µν = 0 we therefore find that the term proportional to ηγ σ D ρ η does not contribute to the commutator either. Using the relations The calculation in this case is identical to that for the commutator [δ ε , δ θ ]W = 0 of the κ
